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compact. Also if γ is not both σ-additive and bounded, it can happen that 11 Put 11 2 -> C densely as t -> + oo and -> C ' densely as t -» -oo with C φ C.
These results, particularly the last, seem to be of some interest in quantum physics. Here the vector u t = U t u Q represents the state of the physical system at time t for the initial state u o ; and, for ||α 0 || 2 = 1, we can take \\Pu t || 2 to the probability of the system at time t being in the situation which corresponds to the range space of P. so that y clearly has a unique, finitely additive extension over the finite algebra generated by product Borel sets, which includes the finite algebra 3 of finite unions of intervals of R 2 , ([3, p. 149, (8)] . Using the continuity of the inner product we thus see that in the range space of P, we see that
Principal results. As above, let E(A)
has 77 a σ-additive, complex-valued set function over 13^ which is bounded, Thus is a finite sum of product measures of this sort, and hence is σ-additive and bounded over S 2 D_ 3,
this completes the proof.
As usual we say that a complex-valued, measurable function /(ί) converges densely to C as t -> + oc if, for every p > 0,
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here μ is ordinary Lebesgue measure on Rχ 9 and similarly as t-> -oc if
0= lim -μ ι (ί~T i 0]n\t\\f(t)-C\ >p\).
We collect some well-known results [2, p. 25, Theorem 8] 
then fit) converges densely to C as t -»+oc if and only if φi\s \) =0 for s ^0 and φ ({0 }) = C, and the same is true as t -> -oc»

Proofs. For Lemma 2, if we let
and |/(ί)| < M < +oo for the bound of /(ί), we clearly get the result from the following inequalities:
For Lemma 3, we note that the Fubini theorem applies. Thus if we define
and,
h(T(s-v))dφAv)dφΛs).
But limy^ + oo A(y) = O, so that, by dominated convergence, |A(y)| < 2 and φ bounded, we have lim \ which shows that Lemma 3 follows for t -> + oo from Lemma 2. As t -¥ -oo the same argument holds except that then l -e y h(y) = fory ^0. iy
We can now state our main affirmative result for tractable y, (that is, γ σ-additive and bounded over 9, the finite algebra generated by the intervals of R 2 .) THEOREM 
If γ as defined by E(A) and UQ $ and P is tractable, then each of the following three statements implies every other one:
Il^"ίl| 2 -*C densely as t -> + oc;
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This theorem is an obvious consequence of Lemma 3 applied to equation (2.2) . Because this answer for tractable y lies so close to the surface, it is
desirable to see what can happen if γ is not tractable. This appears of particular importance for quantum physics in studying transitions, for if y is tractable then (a) <==Φ (b) in our theorem shows in a certain sense that no change can take place in the probability of the system being in the situation of which P is the projection. Unfortunately, as one might suspect, if y is not tractable there seems to be no general procedure applicable to all possible cases. so that \ Vp } is a complete orthonormal system for X 9 and let the projection P be defined by To prove these assertions we shall first establish (3.1). Here is easily verified. Hence rotating coordinates and applying the Riemann-
= (PE(A)u o ,E(B)u o ) = Σ, (f u o (x)v p (x)dx\ (j u o (y)v p (y)dy
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Lebesgue lemma to evaluate the previous limit for γ, we get
B) /
Thus for disjoint intervals A and S we have
At the other extreme, for interval A=B, using the fact that γ(A x A) is real, sin (rc(y -Λ))) -LI +cos(y -*)] --\dμ{x 9 y). sin (y -x ) J Rotating coordinates and using the Riemann-Lebesgue lemma and known properties of the Dirichlet kernel to evaluate this limit, we get
Finally, (3.3) , (3.4) , and the finite additivity of γ over 3 imply (3.1) as desired.
Using ( 
'V sin (γ -x)
Thus (3.1) and the σ-additivity of the Lebesgue integral, since 00 2
VC U _U F itP ,
show that
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It is only slightly more complicated to see that γ is also not σ-additive over c3. For this, define the upper right corner square of Cn and also
, 77 X 77 , 77
Define / (p) as the least integer k > p + 1 having q <k such k existing from (3.1) since
sin (y -Λ; ) = + oo.
Now define the sequence of sets W n £ 3 by taking fF 0 = {(ττ> tf) I, a point interval, and
These in turn define the disjoint sequence W ' G <3 by and we clearly see that
Also clearly f (p) < /(p + 1) and Kp C A'p+ ι? so we see that We first need to verify (3.5). Here we note that for R.χ intervals A and B,
. The Fubini theorem now applies, yielding
Thus (3.5) follows as stated, either for u 0 EL 2 (/?i)nL ι (/ϊ ι ) and any C G 3, or for any IXQ G L 2 (/? i ) and bounded C G c5. 
